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1. Introduction

Threshold graph was first introduced by Chvatal and Hammer
[4]. These graphs are used in several applied areas, such as psy-
chology, neuro-science, computer science, artificial intelligence,
and scheduling theory. The graphs can also be used to control the
flow of information between processors, similar to how traffic
lights are used in controlling the flow of traffic. Chvatal and
Hammer introduced this graph to use in set-packing problems. In
1985, Ordman [13] used this graph in resource allocation problems.
A graph G = (V,E) is a threshold graph if there exists non-negative
reals w, (veV) and t such that W(U) < t if and only if USV is an
independent set, where W(U) = >~ w,, tis called the threshold. So

vel

G = (V,E) is a threshold graph whenever one can assign vertex
weights such that a set of vertices is stable if and only if the total of
the weights does not exceed a certain threshold. The threshold
dimension t(G) of a graph G is the minimum number k of threshold
subgraphs Ty, Ty, ..., T}, of G that cover the edge set of G. Threshold
partition number, denoted by tp(G), is the minimum number of
edge disjoint threshold subgraphs needed to cover E(G). An edge
cover of a graph G is a set of edges CCE such that each vertex is
incident with at least one edge in C. The set C is said to cover the
vertices of G.
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Suppose that there are ATMs that are linked with bank branches.
Each ATM has a threshold limit amount. This limit sets the
maximum withdrawals per day. The goal is to determine a
replenishment schedule for allocating cash inventory at bank
branches to service a preassigned subset of ATMs. The problem can
be modelled as a threshold graph since each ATM has a threshold of
transactions. In reality, each ATM can have a different withdrawal
limit. These withdrawal limits can be represented by an interval-
valued fuzzy set. The threshold limit can be set such that the
branches can replenish the ATMs without ever hampering the flow
of transactions in each ATM. Motivated by this example, we
investigate use of the interval-valued fuzzy threshold graph to
model and solve this type of real problem.

Another graph related to the threshold graph is Ferrers dia-
graph. Ferrers diagraph was introduced by Peled and Mahadev [14].

A diagraph G = (v, F) is said to be a Ferrers diagraph if it does not
contain vertices x,y,z,w, not necessarily distinct, satisfying

—_—

(x,y),(z,w)ef> and WW%? For a diagraph G = (v, f),
the wunderlying loop less graph U(E) = (V,E),
E={(u,v):u,veV, u#vy, (u—,ujef}. Graph theory has had great
impact in the real world. After introduction of Euler's graph theory,
Rosenfeld [26] generalizes the graph (crisp) as a fuzzy graph.
Rosenfeld first considered the fuzzy relation between fuzzy sets
and developed various theoretical graph concepts. The field of
fuzzy graph theory is growing rapidly because of demands in na-
ture. It has been used to solve such problems as human cardiac
functions, fuzzy neural networks, routing problems, traffic light

where

2405-8823/Copyright © 2016, Far Eastern Federal University, Kangnam University, Dalian University of Technology, Kokushikan University. Production and hosting by Elsevier
B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:tarasankar.math07@gmail.com
mailto:mmpalvu@gmail.com
mailto:mmpalvu@gmail.com
mailto:sm5971@rediffmail.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.psra.2016.08.003&domain=pdf
www.sciencedirect.com/science/journal/24058823
http://www.journals.elsevier.com/pacific-science-review-a-natural-science-and-engineering/
http://www.journals.elsevier.com/pacific-science-review-a-natural-science-and-engineering/
http://dx.doi.org/10.1016/j.psra.2016.08.003
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.psra.2016.08.003
http://dx.doi.org/10.1016/j.psra.2016.08.003

T. Pramanik et al. / Pacific Science Review A: Natural Science and Engineering 18 (2016) 66—71 67

problems, and time table scheduling. In fuzzy mathematics, there
are different types of fuzzy graphs. There can be graphs with crisp
vertex set and fuzzy edge set or fuzzy vertex set and crisp edge set
or fuzzy vertex set and fuzzy edge set or crisp vertices and edges
with fuzzy connectivity, etc. Problems involving approximate
reasoning use fuzzy systems. A fuzzy set « on a set X is denoted by
a = (X,u) and is defined by a function p:X—|[0,1], called the
membership function. There are many extensions of fuzzy sets,
such as bipolar fuzzy set, interval-valued fuzzy set, and intuition-
istic fuzzy set.

In 1971, Zadeh [40] introduced the notion of interval-valued
fuzzy sets as a generalization of fuzzy sets in which the member-
ship values are intervals of numbers instead of numbers. As the
interval-valued fuzzy set is an interval number, it is more effective
in solving uncertainty cases than traditional fuzzy sets. Therefore, it
has broader applications, such as fuzzy control, approximate
reasoning, medical diagnosis, intelligent control, and multivariate
logic.

2. Review of previous research

In 1973, Chvatal and Hammer introduced the threshold graph.
Bipartite threshold graphs were studied in [5] under the name
difference graphs because they can equivalently be characterized as
the graphs (V, E) for which there exist weights w,,v€V and a real
number ¢ such that |w,| <t for every v and (u,v) eEs|wy — w,| > t.

Andelic and Simic [2] studied properties of threshold graphs.
Bhutani et al. [3] studied degrees of end nodes and cut nodes in
fuzzy graphs. Makwana et al. [6] discussed the extraction of illu-
mination invariant features using a fuzzy threshold based
approach. Samanta and Pal [27] have first introduced the fuzzy
threshold graph. Mathew and Sunitha [7] defined different types
of arcs in a fuzzy graph. Mordeson and Nair [8] gave details of
fuzzy graphs and hypergraphs. Pramanik [19] et al. found tech-
niques to find the shortest path in an interval-valued fuzzy
hypergraph. Recently, Pramanik et al. [16] defined and studied
fuzzy ¢-tolerance competition graphs. The fuzzy ¢-tolerance
competition graph is an extension of the fuzzy tolerance graph
[28]. Samanta and Pal [31,32] worked on fuzzy planar graphs. The
interval-valued fuzzy planar graph is a generalization of the fuzzy
planar graph introduced in [15] by assigning each vertex and edge
to interval-valued fuzzy numbers instead of traditional fuzzy
numbers. The bipolar fuzzy hypergraph is a hypergraph in which
each vertex and edge is assigned bipolar fuzzy sets. Samanta and
Pal [36] have introduced bipolar fuzzy hypergraphs that are
important in complex networking systems. Colouring is also a
challenging problem. Samanta et al. [38] have found a colouring
technique in the approximate sense of fuzzy graphs. The reader
may find work on various extensions of fuzzy graphs in [1,21-25].
For further study of fuzzy graphs and variations the literature
[17,18,20,29,30,33—35,37] may be very helpful. Nagoorgani and
Radha [9] proved some results of regular fuzzy graphs. Nair and
Cheng [10] represent cliques and fuzzy cliques in fuzzy graphs.
Nair [11] defined perfect and precisely perfect fuzzy graphs.
Natarajan and Ayyasawamy [12]| described strong and weak
domination in fuzzy graphs. Tao [39] et al. described image
thresholding using graph cuts.

Multi-processor scheduling, bin packing, and the knapsack
problem are variations of set-packing problems; a well-studied
problem in combinatorial optimization. These problems have
had a large impact on the design and analysis of interval-valued
fuzzy threshold graphs. All of these problems involve packing
items of different sizes into bins with finite capacities. Consider a
parallel system consisting of a set of independent processing units
each of which has a set of time-sharable resources, such as a CPU,

one or more disks, and network controllers. Here all units have
variable capacities as well as resources. Motivated by the problem
of packing independent units by optimizing capacities, interval-
valued fuzzy threshold graph is introduced. This parallel system
can be described by interval-valued fuzzy threshold graph where
each of the units and resources represents the vertices of the
graph and a task executing on one of the units places re-
quirements on each of the resources that can be best described by
edges.

In this paper, we study several properties of an interval-valued
fuzzy threshold graph as an extension of a fuzzy threshold graph.
We also define, for instance, interval-valued fuzzy split graphs and
interval-valued fuzzy threshold dimensions.

3. Preliminaries

A graph G = (V,E) consists of a set denoted by V, or by V(G) and
a collection E, or E(G), of unordered pairs (u,v) of elements from V.
Each element of V is called a vertex or a point or a node, and each
element of E is called an edge or an arc or a line or a link.

An independent set (stable set) in a graph G = (V,E) is the set of
vertices of V, no two of which are adjacent. That is, S(C V) is said to
be an independent set if for all u,veS (u,v)&V. The maximal in-
dependent set is an independent set in which adding any other
vertex, causes the new set to fail to be independent. The maximum
independent set is the maximal independent set with the largest
number of vertices.

A fuzzy set a on a set X is a mapping « : X—10, 1], called the
membership function. The support of « is supp(«) = {xeX|a(x)+0}
and the core of « is core(a) = {x=X]|a(x) = 1}. The support length is
s(a) = |supp(«)| and the core length is c(a) = |core(a)|. The height of
a is h(a) = max{a(x)|x=X}. The fuzzy set « is said to be normal if
h(a) = 1.

A fuzzy graph with a non-empty finite set V as the underlying set
is a pair G = (V, o, u), where ¢ : V—[0, 1] is a fuzzy subset of V and
o:V x V—|[0,1] is a symmetric fuzzy relation on the fuzzy subset ¢
such that u(x,y) < a(x)aa(y) for all x,yeV, where A stands for
minimum. A fuzzy edge (x,y), x,y<V is said to be strong [35] if
u(x,y) > Imin{c(x),o(y)} and is called weak, otherwise.

A fuzzy path p in a fuzzy graph is a sequence of distinct nodes
X0,X1,X2,-,Xn such that u(x;_1,%;)>0, 1<i<n. Here n>0 is
called the length of the path. The consecutive pairs (x;_1,x;) are
called the fuzzy arcs of the path. The path p is a fuzzy cycle if Xy = xn
and n > 3. The fuzzy graph without a cycle is called acyclic fuzzy
graph or fuzzy forest.

The strength of connectedness between two vertices u and v is
u®(u,v) = sup{uk(u,v)|k =1,2,---} where wk(u,v)=sup{u(u,uy)
A(UT, U)A . AR(UE_q,v)| Uq,Us, ..., U,_1 €V}, In a fuzzy graph an
arc (u,v) is said to be a strong arc [7] or strong edge, if
u(u,v) > u*=(u,v) otherwise it is weak.

Two vertices (nodes) in a fuzzy graph are said to be fuzzy inde-
pendent if there is no strong arc between them. The set of all
vertices that are mutually (fuzzy) independent is called the fuzzy
independent set.

An interval number D is an interval [a~,a"] with
0 < a” <a" < 1. For two interval numbers D = [a7,af] and D, =
[a;,a]] the following are defined:

i) Dy + Dy = [a;,aﬂ + [ag,a;]

— g 2a= —ag=ea= at ~a+ — at+-at
f[al-kaz—al ay,a; +ay —a az],

ii) min{Dq,D,} = [min{a{, ag}, min{a{, a; }] ,
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iii) max{Dq,D,} = [max{a;,ag}, max{alﬂaz+ H,
iv) Dy < Dyea; <a, andaf <af,
v) D; = Dyea; =a, and af = aj,
vi) D; = Dy&D; < D, and Dy %D,

vii) kD; = [ka{,ka}], where0 < k < 1.

An interval-valued fuzzy set A on a set X is a mapping
pa: X—[0,1] x [0,1], called the membership function, i.e.,
pa(X) = [ug (x), u4 (x)]. The support of A is supp(A)=
{xeX|uy (x)=0} and the core of A is core(A) = {xeX|u, (x) = 1}.
The support length is s(A) = |supp(A)| and the core length is
c(A) = |core(A)|. The height of A is h(A) = max{us(x)|xeX}
= [~ (A),h* (A)] = [max{u, (%)}, max{g; (x)}], VxEX.

Let F = {A1,A;,---,An} be a finite family of interval-valued fuzzy
subsets on a set X. The fuzzy intersection of two interval-valued
fuzzy sets (IVFSs) A; and A, is an interval-valued fuzzy set
defined by

AjnAy = { (x, [min{u,;l (X). bz, (x)},min{u; (%), (x)}]) :xeX}.

The fuzzy union of two IVFSs A; and A5 is an IVFS defined by
AjUA; = { (x, [max{/% (%), 1z, (x)},max{pj;1 (), 5 (%) }]) X eX}

An interval-valued fuzzy graph of a crisp graph G*=(V,E) is a
graph G=(V,A,B), where A=[u, ,uf] is an interval-valued fuzzy set
on V and B=|ug,uz] is an interval-valued fuzzy relation on E. An
edge (x,y),x,y<V in an interval-valued fuzzy graph is said to be
strong if ug (x,y)z%min{u; (%),u5 )}. An interval-valued fuzzy

digraph 6:(V,A,§) is an interval-valued fuzzy graph where the

fuzzy relation B is asymmetric.

An interval-valued fuzzy graph G = (V,A, B) is said to be com-
plete interval-valued fuzzy graph if u=(x,y) = min{o~(x),s (y)} and
wt(x,y) = min{o*(x),0"(y)}, Vx,yeV. An interval-valued fuzzy
graph is said to be bipartite if the vertex set V can be partitioned into
two sets V; and V5 such that u*(u,v) = 0if u,veV; or u,veV, and
,u*(v1,v2) >0 ifI)1 eV, (OI' V2) and eV, (OI' Vi )

A fuzzy graph G = (V,o,u) is called a fuzzy threshold graph if
there exists a non-negative real number t such that ° o(u) <t if
and only if U=V is an independent set in G. uey

4. Interval-valued fuzzy threshold graph

In this section, we define the interval-valued fuzzy threshold
graph and investigate certain properties.

Definition 1 (Interval-valued fuzzy threshold graph (IVFTG)).

An interval-valued fuzzy graph G = (V, A, B) is called an interval-
valued fuzzy threshold graph with threshold t = [t~, tT] such that
> ug(u) <t and Y uy(u) <t*if and only if U(SV) is an in-
uelU uel
dependent set in G.

Example 1. Let us consider an example shown in Fig. 1 where
the two reals t~ and t* are taken as t~ = 0.2 and t* = 0.3.

In this example, one of the independent sets is U = {a, b, ¢, d}.
For this independent set U

a[0.02,0.03]  5[0.02,0.04]

z[0.3,0.5]

¢|0.03,0.05] .04, 0.06]

Fig. 1. Example of an IVFTG.

3" wa(u)=0.02+0.02+0.03 +0.04 =0.11<02 =t~

uelU

S i (u) = 0.03 + 0.04 +0.05 + 0.06 = 0.18 <0.3 = t*.

uelU

Consequently, for non-independent sets S; = {a,x}, So = {b,x},
S3 = {c,x} and S4 = {d,x},

pa (@) + g () = 0.02 + 0.3 = 0.32> £, k(@) + uf (X)
=0.03+0.5=053>¢"

wa (b) + 5 (x) = 0.02 + 0.3 = 032>, i (b) + i (%)
=0.04+0.5=0.54>t"

fia (€) + pz () = 0.03+0.3 =0.33>t, i () + ujf (X)
=0.05+05=055>t"

wa (d) + iz (x) = 0.04 + 0.3 = 0.34> t~, i (d) + i (x)
= 0.06+0.5=0.56>t"

So, the graph shown in Fig. 1 is an IVFTG.

Definition 2 (Interval-valued fuzzy alternating 4-cycle).

Let G= (V,A,B) be an interval-valued fuzzy graph (IVFG). The
four vertices say, a,b,c,d of V constitute an interval-valued
fuzzy alternating 4-cycle if pg(a,b)>[0,0] andug(c,d)>]0,0],
consequentlyug(a,c) = ug(b,d) = [0,0].

Depending on the membership values of the edges (a,d) and
(b, c) the four vertices induce P4 (ug(a,d) = [0,0], ug(b, c) > [0, 0] or,
lu'B(av d) > [Ov O] :u’B(bv C) = [O 0])' C4(IU’B(a7 d) > [07 O]‘ l’LB(b’ C) > [01 O])
or 21C; (u(a.d) = [0,0], pg(b. ) = [0,0]) graphs.

Theorem 1. An IVFTG does not contain a fuzzy alternating 4-
cycle.

Proof. Let G = (V,A, B) be an IVFTG with threshold t = [t~, tT]. If
possible let, G contain a fuzzy alternating 4-cycle. Thus, 3
a,b,c,deV such that ug(a,b)>[0,0] and pug(c,d)>[0,0] and
ug(a,c) = ug(b,d) = [0,0]. As G is an IVFTG with threshold ¢, then

fa (@) + pa (b) > 7,y (a) + g (b) > £F (1)
Ha (€) + pg (d) >, g (€) + pp (d) > £F (2)
fa (@) + pg (d) < £, pa(a) + pp (d) < £F (3)
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a (b) + iz (€) < €,y (b) + () < . (4)
From (1) and (3), (2) and (4), we have

tia (b) — pg (d) >t~ py (b) — py (d) > t* (5)

i (d) = ua (b) > € (d) = uf (b) > £ (6)

But, the in Eq. (5) and (6) are inconsistent. Hence there cannot
exist any fuzzy alternating 4-cycle in an IVFTG. &

Definition 3 (Split graph).

Split graph is a graph in which the vertices can be partitioned
into a clique and an independent set.

Definition 4 (Interval-valued fuzzy split graph (IVFSG)).

An interval-valued fuzzy split graph is an IVFG in which the
vertices can be partitioned into a fuzzy cycle and a fuzzy inde-
pendent set.

Example 2. Let us consider an IVFSG G = (V,A,B) which is
shown in Fig. 2 and pictorial representation of that IVFSG is shown
in Fig. 3. Here the fuzzy clique is {a[0.03,0.05],
b[0.04,0.05],¢[0.02,0.05],d[0.03,0.06]} and the fuzzy independent
set is {x[0.4,0.6],y[0.5,0.7]}.

Theorem 2. An IVFTG is an IVFSG.

Proof. Let G = (V,A,B) be an IVFTG. Let K be the largest fuzzy
cycle in G. We claim that G is an IVFSG with fuzzy cycle K and the
fuzzy independent set V — IC. Next, we prove that V — K is a fuzzy
independent set.

Suppose, if possible, V — K is not a fuzzy independent set. Thus,
there exists an arc (a,b) in V- such that uz(a,b)>0 and
ug (a,b)>0. Since K is the largest fuzzy cycle in G then for an arc
(c,d)eI, ug(a,c) =ug(b,d)=0 and uf(a,c) = uj(b,d) = 0. This
implies that a, b, c,d form a fuzzy alternating 4-cycle which con-
tradicts that G is IVFTG. Therefore, V — K is a fuzzy independent set.
Hence G is an IVFSG. B

Theorem 3. Every IVFSG is either an IVFTG or it can be converted to
an IVFTG after some modification to the membership values of the
vertices.

Proof. It is shown in Theorem 2 that every IVFTG is an IVFSG.
Now, if an IVFSG with fuzzy clique C and fuzzy independent set S is
not an IVFTG, changes can be made to the membership values of the
vertices such that the following inequations hold good for some
t—,tt:

Suaw) <> i) <t

ues ues

fa (X) 4 pia (V) >t uy (X) +py (V) > 5, VX, yEK.

The inequations are always consistent because, no uesS is

a[0.03,0.05) b[0.04, 0.05]

2[0.4,0.6] y[0.5,0.7]

¢[0.02,0.05] d [0.03, 0.06]

Fig. 2. Example of an IVFSG.

adjacent to xe K, the inequations have no interference. Thus, an
IVFSG becomes an IVFTG. W

Theorem 4. An IVFTG can be constructed from a single vertex
graph by repeatedly adding a fuzzy isolated vertex or a fuzzy domi-
nating vertex.

Proof. Consider a single vertex graph with only one vertex xg.
Theorem 3 says that every IVFSG can be made into an IVFTG, the
statement can be established if it is shown that after adding a fuzzy
isolated vertex or a fuzzy dominating vertex the resultant graph is
also an IVFSG.

The single vertex graph can be assumed as an IVFSG with fuzzy
clique IC = ¢ and fuzzy independent set S = {xg}. Next, a vertex x;
can be added in two ways, either as an isolated vertex or a domi-
nating vertex. If the vertex x; is isolated then x; S or if it is
dominating then x; €. The resultant graph remains an interval-
valued fuzzy split graph. Hence, the theorem. l

Definition 5 (Interval-valued fuzzy threshold dimension).

Let G= (V,A,B) be an IVFG. If the minimum k number of
interval-valued fuzzy threshold subgraphs of G, say, G1,Go, ..., Gy
cover the edge set of G then the integer k is called the interval-
valued fuzzy threshold dimension of G and is denoted by t(G).

Obviously, from the definition, the interval-valued fuzzy
threshold dimension of an IVFTG is at least 1.

Theorem 5. Interval-valued fuzzy threshold dimension of an IVFG
is at least 1.

Proof. To prove, the interval-valued fuzzy threshold dimension
of an IVFG is non-zero, show that every IVFG has at least one
interval-valued fuzzy threshold subgraph so that it can cover the
edge set of the IVFG. If the IVFG is itself an IVFTG then there is
nothing to prove. Now, consider IVFG is not an IVFTG.

Theorem 4 gives a clue that every single vertex can form an
IVFTG. Therefore, every IVFG has at least one subgraph which is an
IVFTG and can cover edge set of the IVFG. Hence, there always exists
an interval-valued fuzzy threshold dimension of any IVFG. B

Theorem 6. For every IVFG G= (V,A,B) the threshold
dimensiont(G) < n — «(G), where «(G) is the cardinality of the
maximum independent set of G. In addition, if G is triangle-free
thent(G) = n — a(G).

Proof. Let S be a maximum independent set. Now, we construct
the interval-valued fuzzy threshold subgraphs as follows: For each
vertex ueV — S consider a star centred at u. These single vertex star
graphs are interval-valued fuzzy threshold graphs. Now we can add
one or more fuzzy weak edges to the vertex u and each such
interval-valued fuzzy threshold subgraphs along with weak edges
covers the graph G. Obviously, t(G) < |V —§| = (n — a(G)).

If G is triangle-free then for each vertex ueV — S there exists
either a star graph or a star graph together with weak edges which
are interval-valued fuzzy threshold graphs and cover the graph G.
Then, t(G) = |V -S|=n—-a(G). R

5. Application of interval-valued fuzzy threshold graphs

Consider there are five ATMs and two bank branches. The five
ATMs are A, B, C, D and E and the two bank branches are X and Y. The
amount of withdrawals for each ATM varies day by day. Suppose,
withdrawal limits for each ATM A, B, C, D and E are, respectively, 3
crores to 5 crores, 6 crores to 7 crores, 1 crore to 4 crores, 0.5 crores
to 0.8 crores and 0.2 crores to 0.3 crores. The transaction limits for
two bank branches X and Y are, respectively, 70 crores to 90 crores
and 80 crores to 90 crores.

Next, the problem is find the minimum amount of replenish-
ment cash that should be retained for ATMs from the two branches
so that at any time if an ATM faces low cash then either of the
branches can transact the required amount to maintain the normal
functioning of the ATMs. In reality, depending on many parameters
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Fig. 3. Pictorial representation of an interval-valued fuzzy split graph shown in Fig. 2.

such as carrying cost, setup cost, bank's daily pay-out etc., this
amount may also vary. The problem described here can be
modelled as an interval-valued fuzzy threshold graph where ATMs
and bank branches are taken as vertices. The membership values of
each of these vertices are obtained from the withdrawal limits of
ATMs and transaction limits of branches after converting these into
equivalent numbers between 0 and 1. The membership value for
the threshold limit is the replenishment amount.

First, we find the maximum independent set which is
{A,B,C,D,E}. Next, the graph that is considered is an interval-
valued fuzzy split graph. Theorem 2 implies that this will be an
interval-valued fuzzy threshold graph with some threshold limit
t = [t7,t"]. Theorem 6 shows that the graph of Fig. 4 has threshold
dimension 7 — 5 =2 i.e, a minimum of 2 threshold subgraphs
covers the edge set of the graph. For a complex system, one can
inspect these threshold subgraphs and assign each subgraph a
threshold limit so that they form an interval-valued fuzzy threshold
graph. Maximum of these threshold limits will be the threshold
limit for the graph itself. For this example, the minimum threshold
that can be assigned is [0.107,0.171]. Therefore, the replenishment
amount varies between 10.7 crores and 17.1 crores.

6. Conclusions

In this paper, we defined the interval-valued fuzzy threshold
graph as a generalization of a fuzzy threshold graph. Additionally,
we discussed some properties of fuzzy Ferrers digraphs. These
graphs help to solve resource allocation problems in a fuzzy system,
and these graphs are helpful to control the flow of information
using fuzzy set-up. We hope our study will enable us to extend
fuzzy graph classes, such as interval-valued fuzzy difference graphs,

A[0.03,0.05) B[0.06,0.07] C[0.01,0.04)

£[0.002,0.003]

D [0.005,0.008]

Fig. 4. Cash replenishment problem in ATMs.

interval-valued fuzzy matroidal graphs, and interval-valued fuzzy
matrogenic graphs. An algorithm can be designed to find the
interval-valued fuzzy threshold subgraphs of an interval-valued
fuzzy split graph and assign an approximate minimum threshold
such that similar types of problems, as stated in Section 5, can be
easily solved.
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