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[REAL ANALYSIS - I

1. Answer any TEN questions: 10x2=20
a) Letf, gbe defined on ACR to R and c be a limit point of 4.
lim f lim . . lim
and fe exists, does it follows that g(x)
X—>c x—c¢ X—c

If

exists.

b) Show that f(x) = |x| is continuous on ‘R

c) Suppose f:R —> Rand g:R — Rare continuous on R and
that f(x)=g(x) for all rational x. Prove that
f(x)=g(x)VxeR



(2)

d) Prove that f(x)= 2lnx+~/x =2 has root in the interval
(1,2)

e) Show that f(x)=x’—3x> —x+3has three zeroes in [-2, 4]

f) Use Mean value theorem prove that
|Sinx—Siny| < |x— y| Vx,yeR

g) Let f, g are differentiable on R s.t. f(0)=g(0) and
f'(x) < g'(x)Vx >0 Show that f(x)< g(x)forallx >0

h) Find the supremum of f(x) where f(x) = 2x 0 Vxe(-L1)
X+
, .. lim .
i) Examine if Cotx exists
x—0

j) Prove thatlog Sinx is continuous on (0,%)

k) Using sequential criterion for limit to show that

lim 1 _
— Sin—does not exists.
x—>0x X

) Let a function f:R — R is continuous on ‘R and e R .
Prove that the set Set{x eR: f(x)= ,u} is an open set.
m) Verify Mean value theorem for the function
%
f(x)=4—(6—x)" on|[5,7]

n) State Rolle’s theorem for polynomial functions

(3)

o) Use Mean value theorem to  prove  that

<;—l<1Vx>0
log(1+x) x

. Answer any FOURquestions 5x4=20

a) LetCeR and f:(c,a) >Rand f(x)>0 for all x € (¢,)

lim ] o lim
show that f(x)=ca if and only it =0
x—>c x—>c f(x)

b) Define g:R —> R by g(x)=2xis rational =x+3 if x is
irrational.
Find all points at which f{(x) is continuous

c) Let g:R — Rsatisfy the relation f(x+y)= f(x).f(y) for
all x, y e R Prove that if f is continuous at x=0 then g is
continuous at every point in R. And if we have g(a) =0
for somea € Rthen g(x)=0vVxeR

d) Let f:R — Rbe continuous on R. A pointc € R is said to
be fixed point of fif f(c) = cholds. Prove that the set of all

fixed points of f'is a closed set.

2

e) Let fi(x,y)= . 4x+); > . Discuss the existence of the limit of

Axy) as (x,y) = (0,0)
f) A function f is twice differentiable on [a¢, b] and
f(a)=f(b)=0.If f(c)>0 for somec e (a,b) Prove that

there exists a point &in (a, b) such that /(&) <0



3. Answer any TWO question

a)

b)

(4)

10x2=20
i) Let f, g defined on 4 R to Rand e be a limit point of
A. Suppose that f is bounded on a nb.d of ¢ and

lim lim
g(x) =0then prove that fg=0
c xX—c

i1) Function f and g are defined on R by f(x)=x+1 and

2, if x#l
g(x)—{o’ i x=1

I Findlim_, g(f(x)) and compare with the value of
g(lim, ., f(x))

I  Find ™/ (8()
x—1

f{limg(x)j
x—1

1) Let f:D—> R when Dc R and closed and bounded

and compare with the value of

interval and [a,b]cD and f(x) is continuous on D. If
f(a), f(b) <0 then prove that f(x)=0 has a solution in
(a,b)

3 3
. +
i1) Let f(x,y):x Y when x#y, and =0,x =y .show
y

x_
that both partial derivatives of f(x,y) at (0, 0) exists

and not continuous at (0,0).

(5)
i) Let f: [a,b] — R be such that it is differentiable on [a,b]

and function has equal value at both end points. Prove that
there is a point (c, f (c)) on the curve y = f(x) at which

tangent is parallel to the x-axis and ¢ € (a,b)

iii) If f is differentiable on [0, 1]. Show that the equation

JAOENI(V) =w has at least one solution in
ex

0.

[The End]



